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Abstract. We consider a Z 2 -periodic planar Lorentz process with strictly convex obstacles 
and finite horizon. This process describes the displacement of a particle moving in the plane 
with unit speed and with elastic reflection on the obstacles. We call number of self-intersections 
of this Lorentz process the number V n of couples of integers (k, £) smaller than n such that the 
particle hits a same obstacle both at the fcth and at the £th collision times. The aim of this 
article is to prove that the variance of V n is equivalent to n 2 (such a result has recently been 
proved for simple planar random walks in [6]). 



1. Introduction 

We consider a finite number of convex open sets Ox,...,Oj C M? with boundary C 3 -smooth 
and with non null curvature. We repeat these sets Z 2 -periodically by defining Un = Oi + I 
for every (i,£) £ {1,...,/} x Z 2 . We suppose that the closures of the U^g, are pairwise disjoint. 
We assume that the horizon is finite, which means that every line meets the boundary of 
at least one obstacle (i.e. there is no infinite free flight). We consider a particle moving in the 
domain Q := M? \ Uf=i Ueez 2 ^i,e with unit speed and with respect to the Descartes reflection 
law at its reflection times (reflected angle=incident angle). We assume that the particle starts 
from [0, l[ 2 n<5 with uniform distribution in position and in speed. The Lorentz process 
describes the evolution of the particle in Q. Because of the Z 2 -periodicity, it is strongly related 
to the Sinai billiard, the ergodic properties of which have been studied namely by Sinai in [U] 
(for its ergodicity), Bunimovich and Sinai O [3], Bunimovich, Chernov and Sinai [H [S] (for 
central limit theorems), Young [TT] (for exponential rate of decorrelation). The similarity of 
behaviour of the Lorentz process with a simple planar random walk has been investigated by 
many authors ( |101 l7]....). The number of auto-intersections up to time n of a random walk (S n ) n 
is V n := Y^kt=l ^-s k =s e ' This quantity is linked with random walks in random sceneries [TJ [6]. 
Recently, in [6], Deligiannidis and Utev proved that Var(V n ) ~ cn 2 with an explicit c. This 
improved the estimation in 0(n 2 log n) by Bolthausen [\ ' : . For the Lorentz process, we define 
(Zfc, Sk) in {1, ...,/} x Z 2 for the index of the obstacle hit at the fc-th reflection time ((Io, So) being 
the index of the obstacle at the reflection time just before time 0). Recall that (A; -1 / 2 Sk)k>i 
admits an asymptotic positive variance matrix X 2 . We call number of self-intersections of 
the Lorentz process up to the n-th reflection time the quantity V n := Ylk e=i ^-S k =s e ,x k =x r In 

[Si, we proved that ~E\V n ] ~ conlogn with cq := , w ~~ 1 ' - / „ , where ISOjl stands for the 

(Zw=i ^TvdetS^ 

length of dO{. In [8], Var(V n ) = 0{n 2 log n) was enough for our study of the planar Lorentz 
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process in random scenery. Our proof of the following result uses decorrelation and precised 
local limit theorems established in [Hj. It provides an alternative strategy to the one of [6j. 

Theorem 1. Var(V n ) ~ cn 2 with 

ir 2 \ , T .__ f (1- (u + v + w))l{ u+v+w <iydudvdw 



c := Cq ^1 + 2 J - y ^ and J := j | 



3 + WU7 + liffi 



[0,1] ; 



2. Proof of Theorem [T] 



Observe that the distribution of (S k — So,I k ) k under P and under D considered in [8] are 
the same (by Z 2 -periodicity and by construction of v). We write E k> i := {S k = Se,X k = T[\. 
According to [8], we have 

P(JS M ) = P(i%-*l) = ci|€ - k\~ l +0(\l- k\~% with Cl := E { {¥{ ^^ )2 = (1) 

27rvdet2j^ ^ 

Observe that we have K = n + 2 Xa<fc<^?<n ^s k =s e ,x fc =x^ and so 

Var{V n ) = 4 E E D kxAMM = 8A i + 8A 2 + 8A 3 + 4At, 

l<fci<£!<n l<fc 2 <^2<" 

with D klAMA := F(E kl/l n E Wa ) - P( J E fcl/l )P( J E fc2/2 ) and 

^i := E D ki,h,k2,e2i A 2 ■■= E D klt e ltk2j £ 2 , 

l<k 1 <e 1 <k 2 <i2<n l<k 1 <k 2 <li<i2<n 

A 3 := J2 D klAM/2 , A 4 := E \P(E k>i ) - (¥(E k/ )) 2 ]. 

l<k 1 <k 2 <£ 2 <h<n l<k<l<n 

• Control of A\. 

Due to 0, if fci < h < k 2 < t 2 , then \D klAMth \ < C^ 2 "* 1 /((h - h){£ 2 - k 2 )) for 
some C\ > and some t\ € (0, 1). Hence A\ = 0(n log 2 n) = o(n 2 ). 

• Control of A±. 

Due to Q or [ID], A 4 < <? 2 Ei< fc <^<„(^ " = O(nlogn) = o(n 2 ). 

• Control of A 2 . 



A 2 = Y c\ 

l<k 1 <k 2 <£ 1 <£ 2 <n 



According to [8], we have 

E 



2 \fc 2 -fcr«l-t2 T «2-'l 



2vrVdet T S 2 (A;2 - fci)(ii - k 2 )(£ 2 - l x ) J (h ~ h)(h - fa) 



+ o(n 2 ), 
(2) 

where = T, x eZ , :\x\<\\S 1 \\ 00 min(k a -kiA-k2j a -t 1 ) and (v) is the usual scalar Product 
in R 2 . 

- First A 2fi = E E 



i fe 2 - fe l ^l~ fc 2 l 2~ l l . 



l<fe<fa«x<f,£„ * Wdrtfffe, - h)^ - k 2 ){l 2 - h) 

E E 



m m l m 2 



> | |, M „ I, ~~ , > 27rV det Y?rriQm\m 2 

(fcl,mo,mi,m2)e£n f|<||oi||oo min(mo,mi,rrt2) 
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with E n := {(ki, mo, mi, m 2 ) € Z + : k\ + mo + mi + m-2 < re} . Observe that, using 
a comparison series-integral, we obtain 



sup 

||Si||oo<a<3||Si|| 

C 



E ■ 

:r£Z 2 : |x|<am 



27rm\/det E 2 



(3) 



So 



.4 



2.0 



E 



(fcl ,mo ,mi ,7712 ) S-En 



1 + O(min(mo, mi, m2) 1 ^ 2 ) 
momi + mom2 + m\m 2 



~ n 2 J. 



Second Ei<)t 1 <fe«i«2<n (^i-fciXfc-fc) ~ ^ 2 ' 1 + 2 ^ 2 ' 2 ' 



71 fc 



wi,h^, i: = s E "- (2 \r )+1 <EEp=o("'° g ")=°(" 2 ) 



and A 2 ,2 := 

l<fc<£<n max(0,fc+f-n)<m<fc 



£2 - k 2 

k = l 777=0 

n — {k + £ — m) + 1 



[n/2\ £-1 fc rt k n l-l k 

EEE-+ E EE-+ E E E - 

£=1 k=l 777=0 £=|n/2j+l fc=l 777=0 ^=Ln/2j+l k=n-£+l m=k+l-n 



i=\ k=l 
\n/2\ 



f=L77/2j+l k = l 



2f 



l=\n/2\+l k=n-l+\ 



2k£ 



4 ^— ' 4£ ^— ' 2£ 

= 1 £=|n/2j+l i=[n/2]+l 



n-t 



1 3 



I 



n z h - log 2 + - 

with 

1 (1-n) 2 



log 



1/2 



1 - u 



du 



1 



Li 2 (u) + - (u + log u(u + log u — 4u) + log(l — u)(—u + 4u — 3)) 



1/2 



with Li 2 (z) := £ fe>1 W- SoI = Li ^ 1 ) ~ ^2(1/2) + 



1 _ log 2 2 _ 3 



log2 = ^ 



log 2 2 \ , 1 _ log 2 2 _ 3 
2 / + 4 2 2 



log 2 = J2 + 4 - § log 2. Hence we have A 2 1 + 2A 2 , 2 ~ Sre 



12 

?r 2 2 



Control of A3. 

Notice thatY^ 1 < fci<I;2<fe< ^< n P(S fclA n J E fc2A ) and EiaKfe^^^/f^i^) 1 ^*) 
are in re 2 log re. But we will see that their difference is in re 2 . According to [8] and to ([T]), 
we have: 



^3 = Cl Y, 

l<ki<k 2 <e 2 <ei<n 



E 



k 2~ k l e l~ 



2nVd^tW(k 2 - ki)(t x - £ 2 ) / (*i ~ k i) 



¥{E k2/2 ) + o{n 2 ) (4) 



SELF-INTERSECTIONS OF LORENTZ PROCESS 



1 



with the same notations as for ([2]). Using again ([3]) and ([I]), we obtain 

1 1 



A 3 = (n 2 ) + c? £ — k 

l<k 1 <k 2 <£2<£i<n 



o(n 2 ) + c\ £ 



(h - fci) - (t 2 - k 2 ) (h - fci) 
1 



l<k 1 <k 2 <e 2 <h<n y /LV 7 V ;J 

2 2 f l{t+u+v+w<i} dtdudv dw 2 2 f (l — s)dudrds c\ 2 



cTn / : T7 r — = cvn I = — n . 

'[0,1] 4 {U + W){U + V + W) Jo<u<r<s<l r S 2 
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